Abstract. The recent VINCI/VLTI observations presented in Paper I have nearly doubled the total number of available angular diameter measurements of Cepheids. Taking advantage of the significantly larger color range covered by these observations, we derive in the present paper high precision calibrations of the surface brightness-color relations using exclusively Cepheid observations. These empirical laws make it possible to determine the distance to Cepheids through a BaadeWesselink type technique. The least dispersed relations are based on visible-infrared colors, for instance F V (V − K) = −0.1336 ±0.0008 (V − K) + 3.9530 ±0.0006 . The convergence of the Cepheid (this work) and dwarf star (Kervella et al. 2004c) visible-infrared surface brightness-color relations is strikingly good. The astrophysical dispersion of these relations appears to be very small, and below the present detection sensitivity.
Introduction
The surface brightness (hereafter SB) relations link the emerging flux per solid angle unit of a light-emitting body to its color, or effective temperature. These relations are of considerable astrophysical interest for Cepheids, as a well-defined relation between a particular color index and the surface brightness can provide accurate predictions of their angular diameters. When combined with the radius curve, integrated from spectroscopic radial velocity measurements, they give access to the distance of the Cepheid (Baade-Wesselink method). This method has been applied recently to Cepheids in the LMC (Gieren et al. 2000) and in the SMC (Storm et al. 2004) The accuracy that can be achieved in the distance estimate is conditioned for a large part by our knowledge of the SB relations. In our first paper (Kervella et al. 2004a , hereafter Paper I), we presented new interferometric measurements of seven nearby Cepheids. They complement a number of previously published measurements from several optical and infrared interferometers. We used these data in Paper II (Kervella et al. 2004b) to calibrate the Cepheid Period-Radius and Period-Luminosity relations. Nordgren et al. (2002) derived a preliminary calibration of the Cepheid visible-infrared Table 3 is only available in electronic form at http://www.edpsciences.org SB relations, based on the three stars available at that time (δ Cep, η Aql and ζ Gem). In the present Paper III, we take advantage of the nine Cepheids now resolved by interferometry to derive refined calibrations of the visible and infrared SB relations of these stars.
Definition of the surface brightness relations
By definition, the bolometric surface flux f ∼ L/D 2 is linearly proportional to T 4 eff , where L is the bolometric flux of the star, D its bolometric diameter and T eff its effective temperature. In consequence, F = log f is a linear function of the stellar color indices, expressed in magnitudes (logarithmic scale), and SB relations can be fitted using for example the following expressions:
(1)
where F λ is the surface brightness. When considering a perfect blackbody curve, any color can in principle be used to obtain the SB, but in practice the linearity of the correspondence between log T eff and color depends on the chosen wavelength bands. The index 0 designates the dereddened magnitudes, and will be omitted in the rest of the paper. The a i and b i coefficients represent respectively the slopes and zero points of the different versions of the SB relation. Historically, the first calibration of the SB relation based on the (B − V) index was obtained by Wesselink (1969) , and the expression F V (V − R) is also known as the Barnes-Evans (B-E) relation (Barnes & Evans 1976) . The relatively large intrinsic dispersion of the visible light B-E relations has led to preferring their infrared counterparts, in particular those based on the K band magnitudes (λ = 2.0−2.4 µm), as the color-T eff relation is less affected by microturbulence and gravity effects (Laney & Stobie 1995) . The surface brightness F λ is given by the following expression (Fouqué & Gieren 1997) :
where θ LD is the limb darkened angular diameter, i.e. the angular size of the stellar photosphere.
Selected measurement sample

Interferometric observations
Following the direct measurement of the angular diameter of δ Cep achieved by Mourard et al. (1997) using the Grand Interféromètre à 2 Télescopes (GI2T), Nordgren et al. (2000) obtained the angular diameters of three additional Cepheids (η Aql, ζ Gem and α UMi) with the Navy Prototype Optical Interferometer (NPOI). These last authors also confirmed the angular diameter of δ Cep. Kervella et al. (2001) then determined the average angular size of ζ Gem, in the K band, from measurements obtained with the Fiber Linked Unit for Optical Recombination (FLUOR), installed at the Infrared Optical Telescope Array (IOTA). Simultaneously, the Palomar Testbed Interferometer (PTI) team resolved for the first time the pulsational variation of the angular diameter of ζ Gem (Lane et al. 2000) and η Aql . In Paper I, we have more than doubled the total number of measured Cepheids with the addition of X Sgr, W Sgr, β Dor, Y Oph and Car, and new measurements of η Aql and ζ Gem. These observations were obtained using the VLT INterferometer Commissioning Instrument (VINCI), installed at ESO's Very Large Telescope Interferometer (VLTI). Including the peculiar first overtone Cepheid α UMi (Polaris), the number of Cepheids with measured angular diameters is presently nine. The pulsation has been resolved for five of these stars in the infrared: ζ Gem , W Sgr (Paper I), η Aql (Lane et al. 2002, Paper I) , β Dor and Car (Paper I). The total number of independent angular diameter measurements taken into account in the present paper is 145, as compared to 59 in the previous calibration by Nordgren et al. (2002) . More importantly, we now have a significantly wider range of effective temperatures, an essential factor for deriving precise values of the slopes of the SB-color relations.
To obtain a consistent sample of angular diameters, we have retained only the uniform disk (UD) values from the literature. The conversion of these model-independent measurements to limb darkened (LD) values was achieved using the linear LD coefficients u from Claret (2000) , and the conversion formula from Hanbury Brown et al. (1974) . These coefficients are broadband approximations of the Kurucz (1992) model atmospheres. They are tabulated for a grid of temperatures, metallicities and surface gravities and we have chosen the models closest to the physical properties of the stars. We have considered a uniform microturbulent velocity of 2 km s
for all stars. The conversion factors k = θ LD /θ UD are given for each star in Table 1 . Marengo et al. (2002 Marengo et al. ( , 2003 have shown that the LD properties of Cepheids can be different from those of stable stars, in particular at visible wavelengths. For the measurements obtained using the GI2T (Mourard et al. 1997) and NPOI (Nordgren et al. 2000) , the LD correction is relatively large (k = θ LD /θ UD 1.05), and this could be the source of a bias at a level of 1 to 2% (Marengo et al. 2004) . However, in the infrared the correction is much smaller (k 1.02), and the error on its absolute value is expected to be significantly below 1%. Considering the relatively low average precision of the currently available measurements at visible wavelengths, the potential bias due to limb darkening on the SB-color relations fit is considered negligible.
Photometric data and reddening corrections
We compiled data in the BVRI and JHK filters from different sources. Rather than try to use the largest amount of data from many different sources, we decided to limit ourselves to data sets with high internal precision, giving smooth light curves, as we wanted to fit Fourier series to the photometric data. These Fourier series were interpolated to obtain magnitudes at the phases of our interferometric measurements. The R band magnitudes were only available in sufficient number and quality for three stars: α UMi, β Dor and Car. Overall, the number of stars and photometry points per band are the following: B and V: 9 stars, 145 points; R: 3 stars, 35 points; I: 8 stars, 119 points; J: 6 stars, 127 points; H: 5 stars, 100 points; K: 8 stars, 128 points. We took the periods from Szabados (1989 Szabados ( , 1991 to compute phases. The BVRI band magnitudes are defined in the Cousins system. There is no widely used standard system in the infrared (JHK). We used three sources of data: Wisniewski & Johnson (1968) in the Johnson system, Laney & Stobie (1992) in the SAAO system, and Barnes et al. (1997) in the CIT system. There is a large body of homogeneous and high quality data for Cepheids (Laney & Stobie 1992) in the SAAO system (Carter 1990) . Furthermore, many stars in the list of Laney & Stobie are going to be observed with the VLTI in the near future. For convenience, we thus decided to transform all photometry into this system, using transformation relations in Glass (1985) and Carter (1990) .
α UMi: For this low amplitude variable (∆m V 0.1), we considered its average photometry, as we have only an average angular diameter measurement by Nordgren et al. (2000) .
The B and V magnitudes were taken from the  catalogue (Perryman et al. 1997) , the R and I bands are from Morel & Magnenat (1978) , and the K band is from Ducati (2002) .
δ Cep: We used BVI data from Moffett & Barnes (1984) Barnes et al. (1997) and Kiss (1998) . The JHK data of Barnes et al. (1997) have been transformed to the SAAO system. X Sgr: Optical data come from Moffett & Barnes (1984) , Berdnikov & Turner (2001a) , Berdnikov & Turner (1999) , Berdnikov & Turner (2000) , and .
η Aql: We used BVI data from Barnes et al. (1997) , Kiss (1998) , Berdnikov & Turner (2000) , Berdnikov & Turner (2001a) , , . The JHK data are from Barnes et al. (1997) . They have been transformed to the SAAO system using formulae given in Carter (1990) .
W Sgr: We used optical data from Moffett & Barnes (1984) , Berdnikov & Turner (1999) , Berdnikov & Turner (2000) , Berdnikov & Turner (2001a) , Berdnikov & Turner (2001b) , , .
β Dor: We used BVRI data from Berdnikov & Turner (2001a) , Berdnikov & Turner (2000) , Berdnikov & Turner (2001b) , and . In the infrared we used the data in Laney & Stobie (1992) .
ζ Gem: We used BVI data from Moffett & Barnes (1984) , Shobbrook (1992) , Kiss (1998) , Berdnikov & Turner (2001a) , Berdnikov & Turner (2001b) , and . In the JK bands we used data from Johnson, transformed using formulae in Glass (1985) .
Y Oph: In the optical we used data from Moffett & Barnes (1984) and Coulson & Caldwell (1985) . In the infrared we used the data in Laney & Stobie (1992) .
Car: We used BVRI from Berdnikov & Turner (2001a) , and Berdnikov & Turner (2000) . Infrared data are from Laney & Stobie (1992) . The extinction A λ (Table 2 ) was computed for each star and each band using the relations:
where we have (Fouqué et al. 2003; Hindsley & Bell 1989 for the R band): Fernie et al. (1995) . 
General surface brightness relations
The data that we used for the SB-color relation fits are presented in Table 3 , that is available in electronic form at http://www.edpsciences.org/. The limb darkened angular diameters θ LD were computed from the uniform disk values available in the literature, using the conversion coefficients k = θ LD /θ UD listed in Table 1 . The BVRIJHK magnitudes are interpolated values, corrected for interstellar extinction (see Sect. 3.2). The resulting SB relation coefficients are presented in Table 4 , and Fig. 1 shows the result for the F V (V − K) relation. The other relations based on the V band surface brightness F V are plotted in Fig. 2 . The smallest residual dispersions are obtained for the infrared-based colors, for instance:
(13)
The reduced χ 2 of all the visible-infrared SB relations fits is below 1.0, meaning that the true intrinsic dispersion is undetectable at the current level of precision.
In the present paper, no error bars have been considered in the reddening corrections. This is justified by the low sensitivity of the visible-infrared SB relations to the reddening, but may create biases in the purely visible SB relations (based on the B − V index for instance). However, the maximum amplitude of these biases is expected to be significantly below the residuals of the fits σ λ listed in Table 4 .
In an attempt to refine the reddening coefficients, we tentatively adjusted their values in order to minimize the dispersion of the fitted SB relations. We confirm the results of Fernie (1990) for most stars, but we find higher color excesses for Table 4 . Surface brightness relations using BVRIJHK based colors:
The 1σ errors in each coefficient are given in superscript, multiplied by 1000 to reduce the length of each line, i.e. −0.2944 2.4 stands for −0.2944 ± 0.0024. The standard deviation of the residuals σ is listed for each SB relation, together with the reduced χ 2 of the fit and the total number of measurements N meas taken into account (photometric data were unavailable for some stars). X Sgr ( 0.38) and W Sgr ( 0.29), and a slightly lower value for Y Oph ( 0.54). However, these numbers should be considered with caution, as our method relies on the assumption that all Cepheids follow the same SB relations. Considering that we cannot verify this hypothesis based on our data, we did not use these coefficients for the fits presented in this section.
Specific surface brightness relations
For ζ Gem, η Aql and Car, the pulsation is resolved with a high SNR (Paper I; Lane et al. 2002) . Therefore we can derive specific SB relations over their pulsation cycle, and compare them to the global ones derived from our complete sample. In particular, the slope may be different between these Cepheids that cover a relatively broad range in terms of linear diameter and pulsation period. We have limited our comparison to the F V (V − K) relations, which give small dispersions. The best fit SB relations are the following:
-η Aql (σ = 0.011):
-ζ Gem (σ = 0.016): -Car (σ = 0.004):
-All stars (σ = 0.015):
As shown in Fig. 3 , the agreement between the extreme period η Aql (P = 7 days), Car (P = 35.5 days) and the average of all stars is good. The difference observed for ζ Gem could come from the relatively large dispersion of the measurements of this star. The poor infrared photometry available for this star could also explain part of this difference. This result is an indication that SB-color relations for Cepheids do not depend strongly on the pulsation period of the star. Going into finer detail, it appears that the slope of the F V (V − K) relation of η Aql is slightly steeper than the slope of the same relation for Car. This could be associated with the larger surface gravity of η Aql, but the difference remains small. Welch (1994) and Fouqué & Gieren (1997, FG97) proposed a calibration of the SB relations of Cepheids based on an extrapolation of the corresponding relations of giants. The latter obtained the following expression for F V (V − K):
Comparison with previous calibrations
to be compared with the relation we obtained in the present work:
The agreement between these two independent calibrations is remarkable, with a less than 2σ difference on both the slope and the zero point. Nordgren et al. (2002, N02) achieved a similar calibration using a larger sample of 57 stars observed with the NPOI, and find consistent results. In addition, they compared these relations with the ones obtained from interferometric measurements of three classical Cepheids (δ Cep, η Aql, ζ Gem). They obtained:
This calibration is statistically identical to our result within less than 1σ, but part of the interferometric and photometric data used for the fits is common with our sample. Several other calibrations of the SB relations for giants have been proposed in recent years, thanks to the availability of interferometric measurements. Van Belle (1999a, VB99) used a sample of 190 giants and 67 carbon stars and Miras measured with the PTI (Van Belle et al. 1999b) , IOTA (e.g. Dyck et al. 1998 ) and lunar occultation observations (e.g. Ridgway et al. 1982) to calibrate the F V (V − K) relation of giant and supergiant stars. This author obtained an expression equivalent to:
Though the slope and zero point are significantly different from our values, the maximum difference in predicted surface brightness F V over the whole color range of the Cepheids of our sample (1.0 ≤ V − K ≤ 2.4) is less than 0.05, only twice the formal error on the zero point. The agreement is thus reasonably good.
Comparison with the surface brightness relations of dwarf stars
From the interferometric measurement of the angular diameters of a number of dwarfs and subgiants, Kervella et al. (2004c) calibrated the SB-color relations of these luminosity classes with high accuracy. The residual dispersion on the zeromagnitude limb darkened angular diameter was found to be below 1% for the best relations (based on visible and infrared bands). This corresponds to a dispersion in the surface brightness F of the order of 0.05% only. The metallicities [Fe/H] of the nearby dwarfs and subgiants used for these fits cover the range −0.5 to +0.5, but no significant trend of the SB with metallicity was detected in the visible-infrared SB relations. The question of the universality of the SB-color relations can now be adressed by comparing the stable dwarf stars and the Cepheids. The stars of these two luminosity classes represent extremes in terms of physical properties, with for instance linear photospheric radii between 0.15 and 200 R and effective gravities between log g = 1.5 and 5.2, a range of three orders of magnitudes. Figure 4 shows the positions of dwarfs and Cepheids in the F V (B − V) diagram. It appears from this plot that stable dwarfs tend to have lower SB than Cepheids above (B − V) 0.8. The difference is particularly strong in the case of Car, whose surface brightness F V is significantly larger than that of a dwarf with the same B − V color. A qualitative explanation for this difference is that for the same temperature (spectral type), giants are redder than dwarfs. This can be understood because there is more line blanketing in the supergiant atmospheres, due to their lower surface gravity and lower gas density (more ion species can exist). Figure 5 shows the same plot for the F V (V − K) relation. In this case, the SB relations appear very close to linear for both dwarfs and Cepheids. It is almost impossible to distinguish the two populations on a statistical basis. For instance, we have:
Over the full (V − K) color range of our Cepheid sample, the difference in surface brightness predicted by these relations is always:
From this remarkable convergence we conclude that the V − K dereddened color index is an excellent tracer of the effective temperature. Kervella et al. (2004c) have shown that the visible-L band color indices are even more efficient than those based on the K band, and lead to extremely small intrinsic dispersions of the SB-color relations, down to ±0.002. High precision photometric measurements of Cepheids in the L band are unfortunately not available at present, and we therefore recommend obtaining data in this band, to reach the smallest possible SB relation dispersions.
Conclusion
Taking advantage of a large sample of interferometric observations, we were able to derive precise calibrations of the SB-color relations of Cepheids. The astrophysical dispersion of the visible-infrared SB relations is undetectable at the present level of accuracy of the measurements, and could be minimal, based on the SB relations obtained for nearby dwarfs by Kervella et al. (2004c) . The visible-infrared SB-color relations represent a very powerful tool for estimating the distances of Cepheids. The interferometric version of the BaadeWesselink method that we applied in Paper I is currently limited to distances of 1-2 kpc, due to the limited length of the available baselines, but the infrared surface brightness technique can reach extragalactic Cepheids, as already demonstrated by Gieren et al. (2000) and Storm et al. (2004) for the Magellanic Clouds. The present calibration increases the level of confidence in the Cepheid distances derived by this method. Mourard et al. (1997, M97) , Nordgren et al. (2002, N02) , Lane et al. (2002, L02) , and Kervella et al. (2004a, K04) . JD is the Julian date of the measurement, λ the interferometric measurement wavelength (in µm), φ the phase, θ UD the uniform disk and θ LD the limb darkened angular diameters (in mas). The magnitudes are corrected for interstellar extinction (see Sect. 3.2). 
